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Zagreb Polynomials and Redefined Zagreb Indices of Circulant Graph

MUHAMMAD Tahir Usman, WASEEM Khalid

(Department of Mathematics, University of Lahore Pakpattan Campus, Lahore, Pakistan 54000 )

Abstract: Topological indices are numerical numbers associated with a graph that helps to predict many properties of underlined graph.
Due to its special structure, the circulant graph represents the molecular structure of many compounds. Therefore, it is often regarded as
one of the basic structures in the modeling of molecular graphs and embedded in other molecular structures. In this paper, by means of
graph structure analysis, edge dividing and algebraic tricks, we aim to compute Zagreb polynomials of circulant graph and redefined
Zagreb indices of circulant graph.
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0 Introduction

A number, polynomial or a matrix can uniquely identify a graph. A topological index is a numeric number
associated to a graph which completely describes the topology of the graph, and this quantity is invariant under the
isomorphism of graphs. The degree-based topological indices are derived from degrees of vertices in the graph.
These indices have many correlations to chemical properties. In other words, a topological index remains invariant
under graph isomorphism. The study of topological indices, based on distance in a graph, was effectively introduced
in 1947 in chemistry by Weiner'''. He introduced a distance-based topological index called the “Wiener index” to
correlate properties of alkenes and the structures of their molecular graphs. Recent progress in nano-technology is
attracting attention to the topological indices of molecular graphs, such as nanotubes, nanocones, and fullerenes to
cut short experimental labor. Since their introduction, more than 140 topological indices have been developed, and
experiments reveal that these indices, in combination, determine the material properties such as melting point,
boiling point, heat of formation, toxicity, toughness, and stability'>'. These indices play a vital role in computational
and theoretical aspects of chemistry in predicting material properties'®’.

Several algebraic polynomials have useful applications in chemistry, such as the Hosoya Polynomial ( also
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called the Wiener polynomial)'*'. Tt plays a vital role in determining distance-based topological indices. Among
other algebraic polynomials, the M polynomial introduced recently in 2015"*! plays the same role in determining the
closed form of many degree-based topological indices. Other famous polynomials are the first Zagreb polynomial and
the second Zagreb polynomial.

A graph G is an ordered pair (V, E), where V and E vertices and edges of G respectively. A graph is
connectedif there is a path between every pair of vertices in it. Graph theory is contributing a lion’s share in many
areas such as chemistry, physics, pharmacy, as well as in industry'® . We will start with some preliminary facts.

The first and the second Zagreb indices are defined as:

M(6)= 3 (d,+d,).
and

W(6) = 3 (dxd).

we k(G
For details see'’’. Considering the Zagreb indices, Fath-Tabar'®' defined first and the second Zagreb polyno-
mials as:

M (Gx) = 3wt

we E(G) ’

and

— dyxd,
MZ(G,x> _,“’E%(»x ’
The properties of M, (G,x), M, (G, x) polynomials for some chemical structures have been studied in

the literature'”” .

After that, in [9], the authors defined the third Zagreb index
M (G)= 3 (d,-d,),

wek(G)
and the polynomial

M (G,x) = Y x% %

weE(G)

In the year 2016, following Zagreb type polynomials were defined
M4<G,x) = 2 xd“(‘ltﬁdz) .

’

wE(6)
M(Gx) = 3 b
wek(G)
Mab(G,x) — z xa(lu+bdv;
’ wek(G)
WL _ (dy+a) (dy+b)
a,,b( G,x) uve%(})x
Ranjini et al. """ redefined the Zagreb index, i.e., the redefined first, second and third Zagreb indices of
graph G. These indicators appear as:
ReZG, (G) % +d,
© ! _uveE(PDI)d“ Xd”,
d, xd,
ReZG,(G) = '

LLL‘EE(PD[)du + dl! ’

ReZG,(€) = 3 (d,xd)(d,+d,).

w e ECPD,
In this paper we compute other Zagreb polynomials and Redefined Zagreb indices of circulant graphs. For
details about applications of graph theory, please see [ 12—16] and references therein.
Definition 1 lLet n, m, and a,, a,, *:-, a, be positive integers, where 1 <a;<[n/2] and q, #a; for all
1<i<j<m. An undirected graph with the set of vertices V= {v,,v,,-,v,{ and the set of edges E = {vu,,, :

1<i<n, 1<j<m} where the indices being taken modulo in n, is called the circulant graph, and is denoted

by Cn(al9a2’“.5am)'
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give some important families. Classes of graphs that are circulant include
the Andrasfai graphs, antiprism graphs, cocktail party graphs, complete
graphs, complete bipartite graphs, crown graphs, empty graphs, rook
graphs, Mobius ladders, Paley graphs of prime order, prism graphs, and
torus grid graphs.

1 Computational Results

Theorem 1 Let C, (a,,a,, " ,a

The graph of C,,(2, 3) is shown in Figure 1.

This is one of the most comprehensive families, as its specializations

) be a Circulant graph. Then

m

1) My(C,(a,,a,,",a,),x) =n; Figure1 C,,(2,3)

2) M4(Cn<al ’aza"'sam) ) =nx2(n71)2'

’

3) My(C,(a,,ay,",a,),x) =n™" """

9

4) Ma,b(cn,(al ’a2’“'?am) ’x) :nx<"_l)(a+b> 5

b

5) M’u,b<Cn(a’l ,dz,"',(l,”) ,%) :nx("—l'*(l)("—l”?).

Proof let C, (a,,a,, - ,a,) be the Circulant graph, where n =3, 4, -+ nand 1 <q,< [n/2] and

a;#a; when n is even and 1 <a,;< [n/2], a,<a; when n is odd. It is clear from the graph of C,(a,,a,,":,a,)

that circulant graph only has one partition of vertex set i. e. ,

Now

1) M3((Cn<al’a2"“’am)),x)

Vl ={UeV(Cn(a1,a2,--',am))| dl,=n}.

The edge set of C,(a,,a,, ,a,) has the following one partition,

E] :E}n—l,n—H :{e :quE(Cn(a’l ’a’2’.“5am)) |du = dll :n’_l}’
‘E](Cn(a’l Vay 0 a,)) ‘ =n.

oo

wekE(C,(ay,ay,,a,))
x(ufl) -(n-1)
wekE(C,(ay,ay, " ,ay))

=n.

2) M4( (Cn(a’l ’G’Z’“'9am> ) ’x) = xdlt(du+dy>

wek(Cylay,ay,,apy))
x(ufl) [L(n-1)+(n-1)1
wekE(C,(ay,ay, " ,ay))

n-1)2
El(Cn(al’GZ’“.?am>> ‘xZ( :

2n-1)2
=na*" 7,

3) Ms( (Cn<a] ,az,"',am) ),x) = > b )

weE(C,(ay,ay, ,a,))
x(n—l) [(n=1)+(n-1)1]
wek(Cylay,ap, ,ay))

‘El(cn<al ’a2"",am)) ‘xz(”il)z

an(n—l)z.

4) Ma,lz(<cn(al’02’“"am))7x) = 2 x(allu+lllll)

wek(Cylay,ap,,apy))
— x[(n—])a+(n—1)b]

wekE(C,(ay,ay, " ,ay))
E (C,(a,,a5,,a,)) [x"7000

- nx(nfl)(aer)‘

5) M, ,((C,(ay,a,,,a,)) x) = > gl el

weE(Cy(ay,ap, - ay))
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- x(ufl#»u)(nfl+b)

wekE(C,(ay,ay, " ,ay))
(n=1+a)(n-1+b)
El(cn<a1 9a2 ,“.’am) ) ‘x

— nx(ufl +a)(n-1 +b).

Theorem 2 Let C,(a,,a,, ,a,) be the Circulant graph. Then,

1) ReZG,(C,(a),a;,+,a,)) =21y
2) ReZ6,(C,(a,.a,,+.0,)) =",
3) ReZG,(C, (a,,a,,,a,)) =2n(n-1)".

Proof
d,+d,
weE(Cyarsaya,)d, Xd,
(n-1)+(n-1)
m/EEl(C"(/Ll,ag,"',am))(n« - 1) X (ﬂ - 1)

2(n-1)
E] Cn a’l’a’Z"“’am 2
B (. NI

1) ReZG,(C, (a,,ay,"",a,)) =

s ¥m

du Xdl‘
m:eh'((}n(ul,az,~-~,am))du +dl,

(n-1)x(n-1)
wek (€ (a0, (n=1) + (n-1)

2) ReZG,(C,(ay,a5,,a,)) =

s m

B (n=1)"
=|E,(C (a,,a,, ,am>)\2(n_1>

:n(n—l)
s

3) ReZG,(C, (a,,a,,,a,)) = ) ))(duxdﬂ(dﬁdl.)

»%m .
weE(Cy(ay,ap, - ap,

= > ((n=1)x(n=-1))((n-1) +(n-1))

weE(C,(ay,ay, ,a,))
:2(n’ _1)3 ‘El<cn(al ’a2’“.’am)) ‘
=2n(n-1)".

2 Conclusion

In the fields of chemical graph theory, molecular topology, and mathematical chemistry, a topological index,
known as a connectivity index, is a type of a molecular descriptor that is calculated based on the molecular graph of
a chemical compound. Topological indices are numerical parameters of a graph which characterize its topology and
are usually graph invariant. Topological indices are used for example in the development of quantitative structure-
activity relationships (QSARs) in which the biological activity or other properties of molecules are correlated with
their chemical structure. In this paper, we computed Zagreb polynomials and redefined Zagreb indices of Circulant

graphs.
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